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Abstract: We study the system of massive and mixed neutrinos interacting with back-
ground matter moving with an acceleration. We start with the derivation of the Dirac
equation for a single neutrino in the noninertial frame where matter is at rest. A par-
ticular case of matter rotating with a constant angular velocity is considered. The Dirac
equation is solved and the neutrino energy levels are found for ultrarelativistic particles
propagating in rotating matter. Then we generalize our results to include several neutrino
generations and consider mixing between them. Using the relativistic quantum mechanics
approach we derive the effective Schro¨dinger equation for the description of neutrino flavor
oscillations in rotating matter. We obtain the resonance condition for neutrino oscillations
and examine how it can be affected by the matter rotation. We also compare our results
with the findings of other authors who studied analogous problem previously.
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1 Introduction
Nowadays it is commonly believed that neutrinos are massive particles and there is a
nonzero mixing between different neutrino generations. These neutrino properties result in
transitions between neutrino flavors, or neutrino oscillations [1]. It is also known that var-
ious external fields, like electroweak interaction of neutrinos with background fermions [2],
neutrino electromagnetic interaction [3], and neutrino interaction with a strong gravita-
tional field [4], can also influence the process of neutrino oscillations.
As shown in ref. [5], noninertial effects in accelerated and rotating frames can affect
neutrino propagation and oscillations. The consideration of the reference frame rotation is
particularly important for astrophysical neutrinos emitted by a rapidly rotating compact
star, e.g., a pulsar. For example, the possibility of the pulsar spin down by the neutrino
emission and interaction with rotating matter was recently discussed in ref. [6]. It should
be noted that besides elementary particle physics, various processes in noninertial frames
are actively studied in condensed matter physics. For instance, the enhancement of the spin
current in a semiconductor moving with an acceleration was recently predicted in ref. [7].
In the present work we shall study the neutrino interaction with background matter
in a rotating frame. We assume that neutrinos can interact with background fermions
by means of electroweak forces. We also take that neutrino mass eigenstates are Dirac
particles. In our treatment we account for the noninertial effects since we find the exact
solution of a Dirac equation for a neutrino moving in the curved space-time with a metric
corresponding a rotating frame.
This work is organized in the following way. In section 2, we start with the brief
description of the neutrino interaction with background matter in Minkowski space-time.
We consider matter moving with a constant velocity and discuss both neutrino flavor
and mass eigenstates. Then, in section 3, we study background matter moving with an
acceleration. The Dirac equation, including noninertial effects, for a neutrino interacting
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with such matter is written down in a frame where matter is at rest. In section 3.1,
we solve the Dirac equation and find the neutrino energy spectrum for ultrarelativistic
neutrinos moving in matter rotating with a constant angular velocity. Then, in section 4,
we apply our results for the description of neutrino oscillations in rotating background
matter. The effective Schro¨dinger equation governing neutrino oscillations is derived and
the new resonance condition is obtained. We consider how the matter rotation can affect the
resonance in neutrino oscillation in a realistic astrophysical situation. Finally, in section 5,
we summarize our results and compare them with the previous findings of other authors.
2 Neutrino interaction with background matter
In this section we describe the interaction of different neutrino flavors with background
matter in a flat space-time. We discuss a general case of matter moving with a constant
mean velocity and having a mean polarization. Then we consider the matter interaction
of neutrino mass eigenstates, which are supposed to be Dirac particles.
The interaction of the neutrino flavor eigenstates να, α = e, µ, τ , with background
matter in the flat space-time is described by the following effective Lagrangian [8]:
Leff = −
∑
α
ν¯αγ
L
µνα · fµα , (2.1)
where γLµ = γµ(1− γ5)/2, γµ = (γ0,γ) are the Dirac matrices, and γ5 = iγ0γ1γ2γ3.
The interaction Lagrangian in eq. (2.1) is derived in the mean field approximation
using the effective external currents fµα depending on the characteristics of background
matter as [9]
fµα =
√
2GF
∑
f
(
q
(1)
α,fj
µ
f + q
(2)
α,fλ
µ
f
)
, (2.2)
where GF is the Fermi constant and the sum is taken over all background fermions f . Here
jµf = nfu
µ
f , (2.3)
is the hydrodynamic current and
λµf = nf
(
(ζfuf ), ζf +
uf (ζfuf )
1 + u0f
)
, (2.4)
is the four vector of the matter polarization. In eqs. (2.3) and (2.4), nf is the invariant
number density (the density in the rest frame of fermions), ζf is the invariant polarization
(the polarization in the rest frame of fermions), and uµf =
(
u0f ,uf
)
is the four velocity. To
derive eqs. (2.2)-(2.4) it is crucial that background fermions have constant velocity. Only
in this situation one can make a boost to the rest frame of the fermions where nf and ζf
are defined.
The coefficients q
(1,2)
α,f in eq. (2.2) can be found in the explicit form if we discuss the sys-
tem of active neutrinos moving in matter composed of electrons e, protons p, and neutrons
n. In this situation, one gets for νe [9],
q
(1)
νe,f
= I
(f)
L3 − 2Qf sin2 θW + δef , q(2)νe,f = −I
(f)
L3 − δef , (2.5)
– 2 –
where I
(f)
L3 is the third component of the weak isospin of type f fermions, Qf is the value
of their electric charge, θW is the Weinberg angle, δef = 1 for electrons and vanishes for
protons and neutrons. To get these coefficients for νµ,τ the symbol δef should be eliminated
from eq. (2.5).
It was experimentally confirmed (see, e.g., ref. [10]) that the flavor neutrino eigenstates
are the superposition of the neutrino mass eigenstates, ψi, i = 1, 2, . . . ,
να =
∑
i
Uαiψi, (2.6)
where (Uαi) is the unitary mixing matrix. The transformation in eq. (2.6) diagonalizes the
neutrino mass matrix. Only using the neutrino mass eigenstates we can reveal the nature
of neutrinos, i.e. say whether they are Dirac or Majorana particles. Despite the great
experimental efforts to shed light upon the nature of neutrinos [11], this issue still remains
open. Here we shall suppose that ψi correspond to Dirac fields.
The effective Lagrangian for the interaction of ψi with background matter can be
obtained using eqs. (2.1) and (2.6),
Leff = −
∑
ij
ψ¯iγ
L
µψj · gµij , (2.7)
where
gµij =
∑
α
U∗αiUαjf
µ
α , (2.8)
is the nondiagonal effective potential in the mass eigenstates basis.
Using eq. (2.7) one obtains that the corresponding Dirac equations for the neutrino
mass eigenstates are coupled,[
iγµ∂µ −mi − γLµgµii
]
ψi =
∑
j 6=i
γLµg
µ
ijψj , (2.9)
where mi is the mass of ψi. One can proceed in the analytical analysis of eq. (2.9) if we
exactly account for only the diagonal effective potentials gµii. To take into account the r.h.s.
of eq. (2.9), depending on the nondiagonal elements of the matrix
(
gµij
)
, with i 6= j, one
should apply a perturbative method (see section 4 below).
3 Massive neutrinos in noninertial frames
In this section we generalize the Dirac equation for a neutrino interacting with a back-
ground matter to the situation when the velocity of the matter motion is not constant. In
particular, we study the case of the matter rotation with a constant angular velocity. Then
we obtain the solution of the Dirac equation and find the energy spectrum.
If we discuss a neutrino mass eigenstate propagating in a nonuniformly moving mat-
ter, the expressions for fµα in eqs. (2.2)-(2.4) become invalid since they are derived under
the assumption of the unbroken Lorentz invariance. The most straightforward way to de-
scribe the neutrino evolution in matter moving with an acceleration is to rewrite the Dirac
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equation for a neutrino in the noninertial frame where matter is at rest. In this case one
can unambiguously define the components of fµα . Assuming that background fermions are
unpolarized, we find that in this reference frame
f0α =
√
2GF
∑
f
q
(1)
α,fnf 6= 0, (3.1)
with the rest of the effective potentials being equal to zero.
It is known that the motion of a test particle in a noninertial frame is equivalent to
the interaction of this particle with a gravitational field. The Dirac equation for a massive
neutrino moving in a curved space-time and interacting with background matter can be
obtained by the generalization of eq. (2.9) (see also ref. [12]),
[iγµ(x)∇µ −m]ψ = 1
2
γµ(x)g
µ
[
1− γ5(x)]ψ, (3.2)
where γµ(x) are the coordinate dependent Dirac matrices, ∇µ = ∂µ + Γµ is the covariant
derivative, Γµ is the spin connection, γ
5(x) = − i4!Eµναβγµ(x)γν(x)γα(x)γβ(x), Eµναβ =
1√−gε
µναβ is the covariant antisymmetric tensor in curved space-time, and g = det(gµν) is
the determinant of the metric tensor gµν . Note that in eq. (3.2) we account for only the
diagonal neutrino interaction with matter. That is why we omit the index i in order not
to encumber the notation: m ≡ mi etc. It should be noted that analogous Dirac equation
was discussed in ref. [13].
We shall be interested in the neutrino motion in matter rotating with the constant
angular velocity ω. Choosing the corotating frame we get that only g0 ≡ g0ii is nonvanishing,
cf. eqs. (2.8) and (3.1).
3.1 Neutrino motion in a rotating frame
The interval in the rotating frame is [14]
ds2 = gµνdx
µdxν = (1− ω2r2)dt2 − dr2 − 2ωr2dtdφ− r2dφ2 − dz2, (3.3)
where we use the cylindrical coordinates xµ = (t, r, φ, z).One can check that the metric
tensor in eq. (3.3) can be diagonalized, ηab = e
µ
a e νb gµν , if use the following vierbein
vectors:
e µ0 =
(
1√
1− ω2r2 , 0, 0, 0
)
,
e µ1 =(0, 1, 0, 0),
e µ2 =
(
ωr√
1− ω2r2 , 0,
√
1− ω2r2
r
, 0
)
,
e µ3 =(0, 0, 0, 1). (3.4)
Here ηab = diag(1,−1,−1,−1) is the metric in a locally Minkowskian frame.
Let us introduce the Dirac matrices in a locally Minkowskian frame by γa¯ = eaµγ
µ(x),
where eaµ is the inverse vierbein: e
a
µe
µ
b = δ
a
b . Starting from now, we shall mark an index
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with a bar to show that a gamma matrix is defined in a locally Minkowskian frame. We
notice that g = − [det(eaµ)]2 and Eµναβemµenνeαaeβb = εmnab. Thus γ5(x) = iγ0¯γ1¯γ2¯γ3¯ =
γ5¯ does not depend on coordinates.
The spin connection has the form [12]
Γµ = − i
4
σabωabµ, ωabµ = e
ν
a ebν;µ, (3.5)
where σab =
i
2 [γa¯, γb¯]− are the generators of the Lorentz transformations in a locally
Minkowskian frame. Here the semicolon stays for the covariant derivative: Aν;µ = ∂µAν −
ΓαµνAα, with Γ
α
µν being the Christoffel symbol of the second kind. The components of the
connection one-form ωab = ωabµdx
µ are
ω01µ =− ω10µ =
(
− ω
2r√
1− ω2r2 , 0,−
ωr√
1− ω2r2 , 0
)
,
ω02µ =− ω20µ =
(
0,
ω
1− ω2r2 , 0, 0
)
,
ω12µ =− ω21µ =
(
ω√
1− ω2r2 , 0,
1√
1− ω2r2 , 0
)
, (3.6)
with the rest of the components being equal to zero.
Using eqs. (3.4)-(3.6), the Dirac eq. (3.2) can be rewritten as
[D−m]ψ = 1
2
√
1− ω2r2γ0¯g0(1− γ5¯)ψ,
D =i γ
0¯ + ωrγ2¯√
1− ω2r2∂0 + iγ
1¯
(
∂r +
1
2r
)
+ iγ2¯
√
1− ω2r2
r
∂φ + iγ
3¯∂z
− ω
2(1− ω2r2)γ
3¯γ5¯. (3.7)
The analogous Dirac equation was recently derived in ref. [15]. Since eq. (3.7) does not
explicitly contain t, φ, and z, its solution can be expressed as
ψ = exp (−iEt+ iJzφ+ ipzz)ψr, (3.8)
where ψr = ψr(r) is the spinor depending on the radial coordinate, Jz =
1
2 − l (see, e.g.,
ref. [16]), and l = 0,±1,±2, . . . .
In eq. (3.7) one can neglect terms ∼ (ωr)2. Indeed, if we study a neutrino in a rotating
pulsar, then r . 10 km and ω . 103 s−1. Thus (ωr)2 . 1.1 × 10−3 is a small parameter.
Therefore eq. (3.7) can be transformed to[
iγ1¯
(
∂r +
1
2r
)
− γ2¯
(
Jz
r
− ωrE
)
+ γ0¯
(
E − g
0
2
)
− γ3¯pz
+
g0
2
γ0¯γ5¯ − ω
2
γ3¯γ5¯ −m
]
ψr = 0, (3.9)
where we keep only the terms linear in ω. It should be noted that the term ∼ ωγ3¯γ5¯ in
eq. (3.9) is equivalent to the neutrino interaction with matter moving with an effective
velocity.
– 5 –
Let us transform the wave function as
ψr = U3ψ˜r, U3 = exp
(υ
2
γ0¯γ3¯
)
= cosh
υ
2
+ γ0¯γ3¯ sinh
υ
2
, (3.10)
where υ is a real parameter satisfying tanh υ = ω/g0. Such a transformation is equivalent
to a boost. If we again study a neutrino moving inside a rotating pulsar, then g0 ∼
GFnn ∼ 10 eV, where nn ∼ 1038 cm−3 is the neutron density. Thus υ ∼ 10−13 ≪ 1 and the
transformation in eq. (3.10) exists. The spinor ψ˜r obeys the equation,[
γa¯Qa +
g˜0
2
γ0¯γ5¯ −m
]
ψ˜r = 0, (3.11)
where Qa =
(
E˜,−i (∂r + 12r) , (Jzr − ωrE) , p˜z). It is convenient to represent Qa = qa −
qeffA
a
eff , where q
a =
(
E˜,−i∂r, 0, pz
)
, Aaeff =
(
0, i2qeffr ,
1
qeff
(
ωrE − Jzr
)
, 0
)
is the vector
potential of the effective electromagnetic field, and qeff is the effective electric charge. Here
E˜ =E′ cosh υ − pz sinhυ,
p˜z =pz cosh υ − E′ sinhυ,
g˜0 =g0 cosh υ − ω sinhυ, (3.12)
and E′ = E − g02 .
We shall look for the solution of eq. (3.11) as
ψ˜r = ΠΦ, Π = γ
a¯Qa − g˜
0
2
γ0¯γ5¯ +m, (3.13)
where Φ = Φ(r) is a new spinor. This spinor obeys the equation,
[
∂2r +
∂r
r
− 1
4r2
+ E˜2 − p˜2z −
(
Jz
r
− ωrE
)2
−m2 +
(
g˜0
)2
4
+
(
Eω +
Jz
r2
)
Σ3 − g˜0E˜γ5¯ +mg˜0γ0¯γ5¯
]
Φ = 0, (3.14)
which can be obtained using eq. (3.11).
Equation (3.14) can be solved for ultrarelativistic neutrinos when the particle mass is
neglected. In this case we represent Φ = vϕ, where v is a constant spinor and ϕ = ϕ(r) is
a scalar function. We notice that both Σ3 = γ
0¯γ3¯γ5¯ and γ5¯ commute with the operator of
eq. (3.14) when m→ 0. Taking into account that
[
Σ3, γ
5¯
]
−
= 0, one gets that the spinor
v satisfies Σ3v = σv and γ
5¯v = χv, where σ = ±1 and χ = ±1.
We can choose two linearly independent spinors v as
v− = v(χ = +1, σ = −1) =


0
1
0
0

 , v+ = v(χ = −1, σ = +1) =


0
0
1
0

 . (3.15)
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To derive eq. (3.15) we use the Dirac matrices in form,
γ0¯ =
(
0 −1
−1 0
)
, γk¯ =
(
0 σk
−σk 0
)
, γ5¯ =
(
1 0
0 −1
)
, (3.16)
that corresponds to the chiral representation [17]. In eq. (3.16) σk are the Pauli matrices.
Introducing the new variable ρ = Eωr2, we get the equation for ϕσ ,[
ρ
d2
dρ
+
d
dρ
− 1
4ρ
(
l +
σ − 1
2
)2
− ρ
4
− 1
2
(
l − σ + 1
2
)
+ κ
]
ϕσ = 0, (3.17)
where
κ =
1
4Eω
(
E˜2 − p˜2z +
(
g˜0
)2
4
− g˜0E˜χ
)
. (3.18)
The solution of eq. (3.17) which vanishes at the infinity, ϕσ(ρ→∞)→ 0, can be expressed
as ϕ+ = IN,s and ϕ− = IN−1,s, where N = 0, 1, 2, . . . , s = N − l, and IN,s = IN,s(ρ) is the
Laguerre function,
IN,s(ρ) =
√
s!
N !
exp
(
−ρ
2
)
ρ
N−s
2 LN−ss (ρ). (3.19)
Here Lαs (ρ) are the associated Laguerre polynomials.
The energy spectrum can be obtained if we notice that κ = N in eq. (3.18). Thus we
get
[
EA − 2Nω − g0
]2
=(2Nω)2 + 4Nωg0 +
(
pz − ω
2
)2
,
[ES − 2Nω]2 =(2Nω)2 +
(
pz +
ω
2
)2
, (3.20)
where EA = E(χ = +1) and ES = E(χ = −1) are the energies of active and sterile
neutrinos respectively. Comparing the expression for ES ≈ 2Nω+
√
(2Nω)2 + p2z with the
energy of a neutrino in an inertial nonrotating frame
√
p2⊥ + p2z, where p⊥ is the momentum
in the equatorial plane, we can identify 2Nω inside the square root as |p⊥|. It should be
also noted that the term 2Nω, which additively enters to both EA and ES , is due to the
noninertial effects for a Dirac fermion in a rotating frame [18].
Using eqs. (3.10), (3.13), (3.15), and (3.20) we can get the wave function ψr in the
explicit form,
ψLr = U3Πv−ϕ− =
(
0
η
)
, ψRr = U3Πv+ϕ+ =
(
ξ
0
)
, (3.21)
where
η =
(
−iC1IN,s
C2IN−1,s
)
, ξ =
(
C3IN,s
−iC4IN−1,s
)
, (3.22)
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and
C21 =
EAω
pi
(
1− ω/g0)3/2
(1 + ω/g0)1/2
4NωEA(
E˜A + p˜z − g˜0/2
)2
(1 + ω/g0) + 4NωEA (1− ω/g0)
,
C22 =
EAω
pi
(
1 + ω/g0
)3/2
(1− ω/g0)1/2
(
E˜A + p˜z − g˜0/2
)2
(
E˜A + p˜z − g˜0/2
)2
(1 + ω/g0) + 4NωEA (1− ω/g0)
,
C23 =
ESω
pi
(
1 + ω/g0
)3/2
(1− ω/g0)1/2
(
E˜S + p˜z + g˜
0/2
)2
(
E˜S + p˜z + g˜0/2
)2
(1 + ω/g0) + 4NωES (1− ω/g0)
,
C24 =
ESω
pi
(
1− ω/g0)3/2
(1 + ω/g0)1/2
4NωES(
E˜S + p˜z + g˜0/2
)2
(1 + ω/g0) + 4NωES (1− ω/g0)
. (3.23)
To derive eqs. (3.21)-(3.23) we use the following properties of the Laguerre functions:(
∂r − l − 1
r
− ωEr
)
IN−1,s(ωEr2) =− 2
√
NωEIN,s(ωEr
2),(
∂r +
l
r
+ ωEr
)
IN,s(ωEr
2) =2
√
NωEIN−1,s(ωEr2), (3.24)
which can be verified using eq. (3.19).
In the following we shall study the important case when ω ≪ g0. In this situation we
get for the coefficients Ci,
C21 ≈
EAω
2pi
EA − pz − g0
EA − g0 , C
2
3 ≈
ω
2pi
(ES + pz) ,
C22 ≈
EAω
2pi
EA + pz − g0
EA − g0 , C
2
4 ≈
ω
2pi
(ES − pz) , (3.25)
which result from eq. (3.23).
The solution given in eqs. (3.22)-(3.25) is valid for N > 0. If N = 0, the spinors η and
ξ take the form
η =NA
(
I0,0
0
)
, ξ = NS
(
I0,0
0
)
,
NA =
√
ω
pi
∣∣∣g0 + ∣∣∣pz − ω
2
∣∣∣∣∣∣1/2(1 + ω/g0
1− ω/g0
)1/4
≈
√
ω
pi
|g0 + |pz||,
NS =
√
ω
pi
∣∣∣pz + ω
2
∣∣∣1/2(1− ω/g0
1 + ω/g0
)1/4
≈
√
ω
pi
|pz|, (3.26)
where we also assume that ω ≪ g0.
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It should be noted that the solutions presented in eqs. (3.21)-(3.26) satisfy the nor-
malization condition,∫
ψ†N,s,pz(x)ψN ′,s′,p′z(x)
√−gd3x = δNN ′δss′δ
(
pz − p′z
)
. (3.27)
Here ψ and ψr are related by eq. (3.8).
Using eq. (3.14) we can get the corrections to the energy levels due to the nonzero
mass, EA,S → EA,S + E(1)A,S. On the basis of eqs. (3.21)-(3.25) one finds the expression for
E
(1)
A,S in the limit ω ≪ g0,
E
(1)
A =
m2
2 (EA − 2Nω − g0) , E
(1)
S =
m2
2 (ES − 2Nω) , (3.28)
Note that eq. (3.28) can be obtained if we retain m2 in the operator of eq. (3.14).
If we discuss neutrinos moving along the rotation axis, then 2Nω ≪ |pz|. Using
eq. (3.20) we get the energy levels of active neutrinos in this case
EA = |pz|+ g0
(
1 +
2Nω
|pz|
)
+ 2Nω +
2(Nω)2
|pz| +
m2
2|pz| , (3.29)
where we also keep the mass correction in eq. (3.28). One can see in eq. (3.29) that |pz|+
g0 + m
2
2|pz | corresponds to the energy of a left-handed neutrino interacting with background
matter in a flat space-time. The rest of the terms in eq. (3.29) are the corrections due to
the matter rotation.
4 Flavor oscillations of Dirac neutrinos in rotating matter
In this section we study the evolution of the system of massive mixed neutrinos in ro-
tating matter. We formulate the initial condition for this system and derive the effective
Schro¨dinger equation which governs neutrino flavor oscillations. Then we find the correc-
tion to the resonance condition owing to the matter rotation and estimate its value for a
millisecond pulsar.
We can generalize the results of section 3 to include different neutrino eigenstates.
The interaction of neutrino mass eigenstates with background matter is nondiagonal, cf.
eq. (2.7). Therefore the generalization of eq. (3.7) for several mass eigenstates ψi reads
[D −mi]ψi = 1
2
γ0¯g0i (1− γ5¯)ψi +
1
2
γ0¯
∑
i 6=j
g0ij(1− γ5¯)ψj , (4.1)
where g0i ≡ g0ii and g0ij are the time components of the matrix
(
gµij
)
given in eq. (2.8), mi
is the mass of ψi, and D can be found in eq. (3.7). As in section 3, we omitted the term
(ωr)2 ≪ 1 in eq. (4.1). Note that eq. (4.1) is a generalization of eq. (2.9) for a system of
the neutrino mass eigenstates moving in a rotating frame.
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We shall study the evolution of active ultrarelativistic neutrinos and neglect neutrino-
antineutrino transitions. In this case we can restrict ourselves to the analysis of two com-
ponent spinors. The general solution of eq. (4.1) has the form,
ηi(x) =
∑
N,s
∫
dpz√
2pi
a
(i)
N,s,pz
eipzz+iJzφuN,s,pz(r)e
−iEit, (4.2)
where
uN,s,pz =
√
|pz|ω
pi


(
0
IN−1,s(ω|pz|r2)
)
, if pz > 0,(
−iIN,s(ω|pz|r2)
0
)
, if pz < 0.
(4.3)
The energy levels Ei are given in eq. (3.29) with m→ mi. Here we omit the subscript A in
order not to encumber the notation. Our goal is to find the coefficient a
(i)
N,s,pz
= a
(i)
N,s,pz
(t).
In eqs. (4.2) and (4.3) we neglect the small ratio ω/g0i .
Although in general case the dynamics of a Dirac field obeys the quantum field theory,
is some situations, related to the description of neutrino oscillations, we can use first
quantized spinors (for the detailed analysis see ref. [19] and references therein). Thus we
will suppose that the quantity a
(i)
N,s,pz
in eq. (4.2) is a c-number coefficient rather than an
operator.
In the following we shall discuss the case of two neutrino mass eigenstates, i.e. i = 1, 2,
interacting with rotating background matter. In this situation the mixing matrix (Uαi) in
eq. (2.6) can be parametrized with help of one vacuum mixing angle θ.
To describe the time evolution of the system we should specify the initial condition.
We shall fix the initial wave functions in the flavor eigenstates basis. One of the possible
choices of the initial wave functions is the following: να(r, t = 0) = 0 and νβ(r, t = 0) ∼
exp
(
ip
(0)
z z + iJ
(0)
z φ
)
δN,N0 , where α 6= β and p(0)z , J (0)z = 1/2−N0+ s0, N0, and s0 are the
quantum numbers of the initial wave function. In the following we shall omit the index
0 in order not to encumber the notations. We will be interested in the evolution of να in
the subsequent moments of time. Supposing that νβ ≡ νe and να ≡ νµ or ντ , we get that
the adopted initial condition corresponds to a typical situation of oscillations of neutrinos
emitted at the initial stages of a pulsar evolution: one looks for νµ or ντ in a neutrino
beam, initially consisting of νe only.
Using the fact that u†N,s,pzσ2uN,s,pz = 0, where uN,s,pz is given in eq. (4.3), on the basis
of eq. (4.1) we get the effective Schro¨dinger equation for Ψ˜T = (a1, a2),
i
dΨ˜
dt
=
(
0 g012 exp [i (E1 − E2) t]
g012 exp [i (E2 − E1) t] 0
)
Ψ˜. (4.4)
Here we omitted all the indexes of ai besides i = 1, 2. It is convenient to introduce the
modified effective wave function Ψ = U3Ψ˜, where U3 = diag
(
eiΩt/2, e−iΩt/2
)
, Ω = E1 −E2.
Using eq. (4.4), we get for Ψ
i
dΨ
dt
=
(
Ω/2 g012
g012 −Ω/2
)
Ψ. (4.5)
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Note that eq. (4.5) has the form of the effective Schro¨dinger equation one typically deals
with in the study of neutrino flavor oscillations in background matter.
If the transition probability for να ↔ νβ is close to one, i.e. Pνβ→να = |〈να(t)|νβ(0)〉|2 ≈
1, flavor oscillations of neutrinos are said to be at resonance. Using eqs. (2.6), (3.1), (3.29),
and (4.5), the resonance condition can be written as,
(
f0α − f0β
)(
1 +
2Nω
|pz|
)
+
∆m2
2|pz| cos 2θ = 0, (4.6)
where ∆m2 = m21 −m22 is the mass squared difference.
Let us consider electroneutral background matter composed of electrons, protons, and
neutrons. If we study the νe → να oscillation channel, where α = µ, τ , using eq. (2.5), we
get that f0να = − 1√2GFnn and f0νβ ≡ f0νe =
√
2GF
(
ne − 12nn
)
, where ne and nn are the
densities of electrons and neutrons. Using eq. (4.6), we obtain that
√
2GFne
(
1 +
2Nω
|pz|
)
=
δm2
2|pz| cos 2θ. (4.7)
At the absence of rotation, ω = 0, eq. (4.7) is equivalent to the Mikheyev-Smirnov-
Wolfenstein resonance condition in background matter [2].
Let us evaluate the contribution of the matter rotation to the resonance condition in
eq. (4.7) for a neutrino emitted inside a rotating pulsar. We make a natural assumption
that for a corotating observer neutrinos are emitted in a spherically symmetric way from
a neutrinosphere. That is we should take that l ≈ 0 and N ≈ s. Then the trajectory of a
neutrino is deflected because of the noninertial effects and the interaction with background
matter. The radius R of the trajectory can be found from
R2 = 2|pz|ω
∫ ∞
0
r2|uN,s,pz(r)|2rdr ≈
2N
|pz|ω , (4.8)
where we take into account that N ≫ 1.
We shall assume that R ∼ R0, where R0 = 10km is the pulsar radius. In this case
neutrinos escape a pulsar. Taking that ω = 103 s−1 and using eq. (4.8), we get that the
correction to the resonance condition in eq. (4.7) is 2Nω|pz| ≈ (R0ω)
2 ≈ 10−3. The obtained
correction to the effective number density is small but nonzero. This result corrects our
previous statement in ref. [20] that a matter rotation does not contribute neutrino flavor
oscillations.
5 Summary and discussion
In summary we notice that we have studied the evolution of massive mixed neutrinos in
nonuniformly moving background matter. The interaction of neutrinos with background
fermions is described in frames of the Fermi theory (see section 2). A particular case of
the matter rotating with a constant angular velocity has been studied in section 3.1. We
have derived the Dirac equation for a weakly interacting neutrino in a rotating frame and
found its solution in case of ultrarelativistic neutrinos, cf. eqs. (3.21)-(3.23). The energy
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spectrum obtained in eqs. (3.20) and (3.28) includes the correction owing to the nonzero
neutrino mass.
We have used the Dirac equation in a noninertial frame, cf. eq. (3.2), as a main
tool for the study of the neutrino motion in matter moving with an acceleration. To
develop the quantum mechanical description of such a neutrino we have chosen a noninertial
frame where matter is at rest. In this frame the effective potential of the neutrino-matter
interaction is well defined. However, the wave equation for a neutrino turns out to be more
complicated since one has to deal with noninertial effects.
Previously neutrinos weakly interacting with a rotating matter were considered in
ref. [21]. To describe the neutrino-matter interaction the authors of ref. [21] used the effec-
tive potential in eq. (2.2) with a nonzero velocity of background fermions uf corresponding
to a rotation. It should be, however, noted that the formalism for the study of the neutrino
interaction with moving matter derived in ref. [22] is valid when matter has a constant ve-
locity. That is why, despite the similarity of the neutrino wave functions, cf. eqs. (3.22)
and (28) in ref. [21] (they are both expressed via Laguerre functions), there is a difference
in the neutrino energy spectrum, cf. eqs. (3.20) and (31) in ref. [21].
One can suggest the following explanation of the energy levels discrepancy. It was
assumed in ref. [21] that a neutrino is initially created in an inertial frame and then starts
to interact with a rotating matter. This situation can be implemented if one studies
a neutrino emission in a very center of a rotating pulsar where the matter velocity is
negligible. However, as known, in case of a pulsar, neutrinos are typically emitted from
a neutrinosphere, which has a significant radius especially for a young and hot star. The
surface of the neutrinosphere already has a nonzero velocity. Therefore the description of
neutrinos in a rotating matter proposed in ref. [21] is not applicable in this case. In our
approach, the quantum numbers (N, s, pz), characterizing a neutrino state, are measured
by a corotating observer. Thus our description can be used even when a neutrino is created
in a rotating matter, with all the noninertial effects being accounted for exactly.
Nevertheless one can check that the energy spectrum in eq. (3.20) coincides with that
found in ref. [21] for Nω ≪ pz. It happens when a pulsar rotates slowly or neutrinos are
emitted close the rotation axis, with initial momenta directed along it. In the case we get
from eq. (3.20) that EA − 2Nω ≈ g0 +
√
p2z + 4Nωg
0, where we keep the term linear in
Nω inside the square root. One can see that, besides the additive term 2Nω, which is due
to the noninertial effects, the obtained expression coincides with that derived in ref. [21].
In section 4 we have generalized our results to include various neutrino generations as
well as mixing between them. We have derived the effective Schro¨dinger equation which
governs neutrino flavor oscillations. We have obtained the correction to the resonance con-
dition in background matter owing to the matter rotation. Studying neutrino oscillations
in a millisecond pulsar, we have obtained that the effective number density changes by
0.1%.
Despite the obtained correction is small, we may suggest that our results can have
some implication to the explanation of great peculiar velocities of pulsars. It was sug-
gested in ref. [23] that an asymmetry in neutrino oscillations in a magnetized pulsar can
explain a great peculiar velocity of the compact star. An evidence for the alignment of the
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rotation and velocity vectors of pulsars was reported in ref. [24]. Therefore we may suggest
that neutrino flavor oscillations in a rapidly rotating pulsar can contribute to its peculiar
velocity. It should be noted that neutrino spin-flavor oscillations, including noninertial
effects, in a rapidly rotating magnetized star were studied in ref. [25] in the context of the
explanation of high peculiar velocities of pulsars.
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